In this work we study the Plancherel-Rotach type asymptotics for Stieltjes-Wigert, q-Laguerre and Ismail-Masson orthogonal polynomials with complex scalings. The main terms of the asymptotics for Stieltjes-Wigert and q-Laguerre polynomials (Ismail-Masson polynomials) contain Ramanujan function A q (z) for scaling parameters above the vertical line (s) = 2 ( (w) = 1 2 ); the main terms of the asymptotics involve theta function for scaling parameters in the vertical strip 0 < (s) < 2 (0 < (w) < 1 2 ). When scaling parameters in the vertical strips, the number theoretical properties of scaling parameters completely determine the orders of the error terms. These asymptotic formulas may provide some insights to new random matrix models and also add a new link between special functions and number theory.
Introduction
The Plancherel-Rotach type asymptotics for classical orthogonal polynomials are essential to obtain universality results in random matrix theory. The associated random matrix models for q-orthogonal polynomials are still unknown today. It might be interesting to calculate the E-mail address: ruimingzhang@yahoo.com. Plancherel-Rotach type asymptotics for q-orthogonal polynomials to gain some insights to the related random matrix models.
In [7, 8] we studied Plancherel-Rotach type asymptotics for three families of q-orthogonal polynomials with real logarithmic scalings. They are Ismail-Masson polynomials {h n (x|q)} ∞ n=0 , Stieltjes-Wigert polynomials {S n (x; q)} ∞ n=0 and q-Laguerre polynomials {L (α) n (x; q)} ∞ n=0 . They are orthogonal polynomials associated with indeterminant moment problems. The asymptotics reveal a remarkable pattern which is quite different to the pattern associated with the classical Plancherel-Rotach asymptotics [2, 3, 6, 10] . The main term of asymptotics may contain Ramanujan function A q (z) or theta function according to the value of the scaling parameter.
In this paper, we study the Plancherel-Rotach type asymptotics for Stieltjes-Wigert, qLaguerre and Ismail-Masson orthogonal polynomials under complex scalings. We also have explicit error bounds for the asymptotic formulas. When the scaling parameter is in certain vertical strip on the complex plane, the order of error term is completely determined by the number theoretical property of the scaling parameter.
We list some facts from q-series and number theory in Section 2. In Section 3, we present the asymptotic formulas for Stieltjes-Wigert, q-Laguerre and Ismail-Masson orthogonal polynomials under complex scalings. We use a discrete analogue of Laplace method to derive these formulas for q-Laguerre polynomials in Section 4. The proofs for Stieltjes-Wigert and IsmailMasson orthogonal polynomials are very similar and we will skip them in the presentation.
Through out this paper, we shall always assume that 0 < q < 1 unless otherwise stated. All the log and power functions are taken as their respective principle branches.
Preliminaries

q-series
In this paper we follow the usual notations for q-series, [1, 4, 6, 9] (a; q) 0 := 1, (a; q) n :=
and n = ∞ is allowed in the above definitions. Ramanujan function A q (z) is defined as [6] A q (z) :
The theta functions, [1, 4, 6, 11] 
are clearly defined for any complex number z = 0. The theta functions satisfy Jacobi triple product identities:
θ 4 (z; q) = q 2 , qz, q/z; q
Stieltjes-Wigert orthogonal polynomials {S n (x; q)} ∞ n=0 are defined as [1, 4, 6, 9 ]
Let
and
then reverse the summation order of (7) to get
The q-Laguerre orthogonal polynomials {L
n (x; q)} ∞ n=0 are defined as [1, 4, 6, 9 ]
for α > −1. Reverse the summation order to get
Ismail-Masson polynomials {h n (x|q)} ∞ n=0 are defined as [6] h n (sinh ξ |q) =
for any nonzero complex number z, then h n (sinh ξ n |q)
For any real number x, then,
where {x} ∈ [0, 1) is the fractional part of x and x ∈ Z is the greatest integer less or equal x. The arithmetic function
which is the principal character modulo 2. We also make uses of the trivial inequality
for any z ∈ C. The following lemma is from [8] .
with
while for 0 < aq < 1,
Generalized irrational measure
For an irrational number θ , Chebyshev's theorem in number theory implies that for any real number β there exist infinitely many pairs of integers n and m with n > 0 such that [5] nθ = m + β + a n with |a n | 3 n . Proof. This is a direct consequence of the Chebyshev's theorem. 2
The irrationality measure (or Liouville-Roth constant) m(θ ) of a real number θ is defined as the least upper bound of the set of real numbers r such that [12] 
is satisfied by an infinite number of integer pairs (n, m) with n > 0. It is clear that we have
A real algebraic number θ of degree if it is a root of an irreducible polynomial of degree with integer coefficients. Liouville's theorem in number theory says that for a real algebraic number θ of degree , there exists a positive constant K(θ) such that for any integer m and n > 0 we have
A Liouville number is a real number θ such that for any positive integer there exist infinitely many integers n and m with n > 1 such that [12] 0 < |nθ − m|
Even though the set of all Liouville numbers is of Lebesgue measure zero, it is known that almost all real numbers are Liouville numbers topologically. Proof. The first assertion follows from Definition 2.2 and (28) while the last assertion follows directly from the definitions of the generalized irrational measure and the Liouville numbers. 2
It is clear that one has ω(θ|0) = 2 for any quadratic irrational θ such as √ 2.
Main results
Given a real number θ , we define
The set S(θ ) ⊂ [0, 1) is finite for θ ∈ Q. As a consequence of the Chebyshev's theorem, it is a dense subset of (0, 1) for θ / ∈ Q.
Theorem 3.1. Given any nonzero complex number z, let s and x n (z, s) be defined as in (8) and (9), we have the following results for Stieltjes-Wigert polynomials:
(2) When τ = 0 and θ is a rational number. For any λ ∈ S(θ ), there are infinitely many pair of integers n and m with n > 0 such that
For each of such integers n and m,
for n sufficiently large. 
there are infinitely many pair of integers n and m with n > 0 such that for n is sufficiently large, where
(4) When −2 < τ < 0 and both τ and θ are rational. Assume that for some λ ∈ S(−τ ) and some λ 1 ∈ S(θ ), there are infinite number of positive integers n such that
Then for each such n, m and m 1 we have
for n sufficiently large, where
(5) When −2 < τ < 0, τ is rational and θ is irrational. Given a real number β ∈ [0, 1) and ρ with
there are some λ ∈ S(−τ ) and infinitely many positive integers n with
For each such n, m and m 1 we have
for n sufficiently large, where j n is defined in (40). (6) When −2 < τ < 0, τ is irrational and θ is rational. Given a real number β ∈ [0, 1) and ρ with
there are some λ ∈ S(θ ) and infinitely many positive integers n with
for n sufficiently large, where j n is defined in (40). (7) When −2 < τ < 0, both τ and θ are irrational. Assume that there exist two real numbers
there are infinitely many positive integers n such that
for n sufficiently large, where j n is defined in (40).
For q-Laguerre polynomials we have following results:
Assume that α > −1, given any nonzero complex number z, let s and x n (z, s) be defined as in (8) and (9), we have the following results for q-Laguerre polynomials:
For each of such integers,
for n is sufficiently large. (3) When τ = 0 and θ is an irrational number. Given any real number β ∈ [0, 1) and ρ with
there are infinitely many pair of integers n and m with n > 0 such that
Then for each of such integers n and m,
for n is sufficiently large, where j n is defined in (40). (4) When −2 < τ < 0 and both τ and θ are rational. Assume that for some λ ∈ S(−τ ) and some λ 1 ∈ S(θ ), there are infinite number of positive integers n such that
for n sufficiently large, where k n is defined in (45). (5) When −2 < τ < 0, τ is rational and θ is irrational. Given a real number β ∈ [0, 1) and ρ with
(6) When −2 < τ < 0, τ is irrational and θ is rational. Given a real number β ∈ [0, 1) and ρ with
With the scaling defined in (14) 
(2) When μ = 0 and ν is a rational number. For any λ ∈ S(ν), there are infinitely many pair of integers n and m with n > 0 such that
For each of such integers, h n (sinh ξ n |q)
for n is sufficiently large. (3) When μ = 0 and ν is an irrational number. Given any real number β and a real number ρ with
Then for each of such integers n and m we have h n (sinh ξ n |q)
for n is sufficiently large, where j n is defined in (40). (4) When −1 < μ < 0 and both μ and ν are rational. Assume that for some λ ∈ S(−μ) and some λ 1 ∈ S(ν), there are infinite number of positive integers n such that
and n = min
for n sufficiently large.
(5) When −1 < μ < 0, μ is rational and ν is irrational. Given a real number β ∈ [0, 1) and ρ with
there are some λ ∈ S(−μ) and infinitely many positive integers n with
for n sufficiently large, where j n is defined in (40). (6) When −1 < μ < 0, μ is irrational and ν is rational. Given a real number β ∈ [0, 1) and ρ with
there are some λ ∈ S(ν) and infinitely many positive integers n with
and 
for n sufficiently large, where j n is defined in (40). (7) When −1 < μ < 0, both μ and ν are irrational. Assume that there exist two real numbers
Remark 3.4.
In the cases of Stieltjes-Wigert or q-Laguerre polynomials, if only one of numbers τ or θ , say τ , is irrational, then we could take the corresponding β = 0. If τ is an algebraic number of degree , then the order of the error term is no better than O(n 1− ). However, if this number is a Liouville number, the order of the error term is better than any O(n −k ). It is also clear that the scaling (8) and (9) with τ −2 will not give us anything interesting. We have similar remarks for the Ismail-Masson polynomials.
Proofs
We only present the proof for q-Laguerre polynomials in detail. The proofs for Ismail-Masson and Stieltjes-Wigert polynomials are similar and we will not repeat them here.
It is clear that
for 0 k n. For any positive integer ν n n 2 , we have
for 0 k ν n − 1 and α > −1. This can be seen by expanding
and apply Lemma 2.1 to each of the terms. Assume that
We reverse the summation order in s 1 to obtain
For α > −1, it is clear that
and apply Lemma 2.1 to each term to obtain
for 0 k ν n − 1 and for positive integer ν n m 2 . In sum s 2 we shift summation index from k to k + m 2 ,
and apply Lemma 2.1 to each term we get
for 1 k ν n − 1 and for positive integer 1 < ν n n − m 2 .
Proof for the case τ > 0
If we write
then
Thus
Proof for the case τ = 0 and θ rational
We have
Then
Therefore
Proof for the case τ = 0 and θ irrational
For n sufficiently large,
for ρ > 0, thus,
Proof for the case of −2 < τ < 0 rational and θ rational
We get
Similarly, we obtain
for n sufficiently large. For the sum s 422 we have
Hence 
Proof for the case of −2 < τ < 0 rational and θ irrational
For any ρ > 0
for sufficiently large n. Therefore,
For sufficiently large n,
Hence, 
for n sufficiently large. Similarly, we obtain
for n sufficiently large. Therefore 
Proof for the case of −2 < τ < 0 irrational and θ rational
This proof is very similar to the proof for τ rational and θ irrational case. We just observe that 
To finish the proof, we have to estimate the sums above, but they are very similar to what we have done in the other cases, we will not repeat the details here.
